This paper studies the design and implementation of FIR and IIR VDF, whose frequency characteristics can be controlled continuously by some control or tuning parameters. A least squares (LS) approach is proposed to design FIR VDF with its impulse response expressed as a linear combination of basis functions. By choosing the basis functions as piecewise polynomials, VDF with larger tuning range than ordinary polynomial based approach results. This VDF can be efficiently implemented using the Farrow structure. Making use of the FIR VDF, an eigensystem realization algorithm (ERA)-based model reduction technique is proposed to obtain a stable IIR VDF with lower system order. It does not suffer from the undesirable transient response during parameter tuning. For frequency selective VDF, about 40% of the multiplications can be saved using the IIR VDF. The implementation of the proposed FIR VDF using SOPOT coefficient and the multiplier block technique is also studied. Results show that about two-third of the additions in implementing the SOPOT coefficients can be saved using the multiplier block.
I. INTRODUCTION
Variable digital filters (VDF) are digital filters with controllable spectral characteristics such as variable cutoff frequency response, adjustable passband width, controllable fractional delay, etc. They found applications in different areas of signal processing and communications [ 1][2]. Methods for designing variable digital filters can be broadly classified into two categories: transformation [3] and spectral parameter approximation [4]- [7] methods. In general, transformation method is applicable to VDF with variable cutoff frequencies, but not general variable characteristics say variable fractional delay. The spectral parameter approximation method is more general in that it assumes that either the impulse responses This paper studies the design and implementation of FIR and IIR VDF. First of all, the least squares (LS) approach in [6] for designing FIR VDF is generalized to a linear combination of basis functions. It is shown that the optimal LS solution can also be obtained by solving a system of linear equations. This differs from the weighted least squares approach in [6] in that i) no discretization of the tuning and frequency variables is used; ii) the approximation function is assumed to be a linear combination of basis functions. In particular, it is shown that tunable filter using a piecewise polynomial yields larger tuning range than ordinary polynomial based approach. The resulting VDF can be implemented with the familiar Farrow structure [lo]. The piecewise polynomial-based approach also reduces the number of general multipliers required in the Farrow structure because of the lower order of the piecewise polynomial used. Making use of the FIR VDFs obtained by the proposed approach, an Eigensystem Realization Algorithm (ERA)-based model reduction technique is proposed to yield a stable IIR VDF with lower system order. Model order reduction [8] is applied to this FIR filter to obtain the desire IIR filter with lower system order and hence arithmetic complexity, The reduction process is very simple which involves the computation of the singular value decomposition (SVD) of a Hankel matrix. Therefore, time consuming iterative optimization method is not necessary. In addition, the model reduced IIR system is guaranteed to be stable and it tries to preserve the frequency characteristics and approximately linear-phase of the original system. The proposed IIR VDF does not suffer from undesirable transient response during parameter tuning found in other approaches based on direct tuning of filter parameters [4] [7] . This is because the states of the IIR sub-filter in the proposed structure are not abruptly changed during the parameter tuning process. The proposed VDF structure involves a number of sub-filter with fixed coefficients. The implementation of these coefficients using the sum-of-powers-of-two (SOPOT) representation and the multiplier-block technique [9] is studied.
Results show that about two-third of the additions in implementing the SOPOT coeficients can be saved using MB, which leads to significant savings in hardware complexity.
This paper is organized as follows: In section 11, the design method of the FIR VDF using the least squares method is described. The design of the IIR VDF using the ERA model reduction method is then studied in Section 111. The implementation of the FIR VDF using the SOPOT representation and the multiplier block techniques is described in Section IV. Several design examples are given in section V. Conclusions of this work are drawn in section VI.
LEAST SQUARES DESIGN OF FIR VARIABLE DIGITAL FILTERS
The impulse response of the variable FIR filter under consideration h(n,@) is assumed to be a linear combination of 
The optimal LS solution, uLs , is:
If h(n,d) is approximated by a polynomial, then the function v, (4) is simply given by 4"'. Putting the weighting function K , w € S p K , w e S , into (6), the equations can then w(eJ",@) = readily be calculated by the reduction formula or in general numerical integration. The optimal weighted least square solution can be calculated from (7) . The design of other VDF such as variable bandpass filters and two-dimensional VDFs can be derived similarly. One problem with approximating h(n,d) by a polynomial is that the order of the polynomial and hence the number of sub-filter grows rapidly with the tuning range. To overcome this problem, it is desirable to approximate h(n,4) by a piecewise polynomial. The tuning range is divided into disjoint intervals and h(n,4) in each interval is approximated by a polynomial in 4 with lower order. 
DESIGN OF IIR VDF USING MODEL REDUCTION
Model reduction is a useful technique for designing IIR filter, especially for approximately linear-phase IIR filter, from FIR filters. There are several advantages of the model reduction approach: i) it is computational simple which only requires the computation of the SVD of a Hankel matrix, ii) the IIR VDF is guaranteed to be stable, iii) the frequency response such as the phase response of the FIR prototype is well preserved. Direct application of model reduction to the sub-filter C,(z) , however, does not lead to satisfactory results. Its coefficients are in fact the coefficients of the interpolating polynomial. Most of the singular values of the Hankel matrix of the impulse response are rather large. Model reduction, which removes the less significant singular values, is therefore unable to offer great reduction in system order. In what follows, a transformation is used so that another set of sub-filter, which is more amendable to model reduction, is implemented instead of C,,,(z) . 
( 1 1) (12) where the size ofA is (n x n), B is (n x I), Cis (Mx n), and D is (M x 1). Let U, , k = I, 2, . . ., be the (n x 1) pulse-response matrix or The ERA system begins by forming the generalized aM x p
Hankel matrix H(k-1) composed of (13) Since the order of the IIR VDF is reduced to half and there is only One denominator for all the the total number Of multiplications is redwed approximateb by 40% as compared with the FIR VDF. The frequency response of the IIR VDF is seen to be comparable to the original FIR VDF.
IV. EFFICIENT IMPLEMENTATION OF VDF
To reduce the implementation complexity, the sub-filter are implemented as multiplier-less FIR filters using the SOPOT coefficients in the form ik," = k b k , n . j .2"' , 
